Metasurfaces are arrays of subwavelength meta-atoms that shape waves in a compact and planar form factor. Analysis and design of metasurfaces require methods for modeling their interactions with waves. Conventional modeling techniques assume that metasurfaces are locally periodic structures excited by plane waves, restricting their applicability to gradually varying metasurfaces that are illuminated with plane waves. Here we introduce the discrete-space impulse response concept that enables the development of accurate and general models for metasurfaces. According to the proposed model, discrete impulse responses are assigned to metasurface unit cells and are used to determine the metasurface response to any arbitrary incident waves. We verify the accuracy of the model by comparing its results with full-wave simulations. The proposed concept and modeling technique are applicable to linear metasurfaces with arbitrary meta-atoms, and the resulting system-level models can be used to accurately incorporate metasurfaces into simulation and design tools that use wave or ray optics.
INTRODUCTION
Metasurfaces are rationally designed subwavelength arrays of meta-atoms that perform various transformations on incident waves. In contrast to conventional optical components that operate based on reflection and refraction, metasurface components utilize scattering from subwavelength meta-atoms and achieve unprecedented control over the phase, amplitude, and polarization of transmitted or reflected waves [1] [2] [3] [4] [5] [6] [7] . Accurate full-wave modeling of metasurfaces is challenging and, in most cases, unfeasible because typical metasurfaces are significantly larger than their operation wavelength and have subwavelength features. Therefore, approximate methods are commonly used for their design and analysis. Aperiodic metasurfaces with periodic lattices are a significant category of metasurfaces because of the ease of their designs, and a large number of components based on such metasurfaces have been demonstrated at microwave and optical frequencies [1, 2, [8] [9] [10] [11] [12] [13] . Figure 1a shows a schematic illustration of an aperiodic metasurface with a periodic lattice.
The conventional approach for modeling such metasurfaces relies on the local periodicity assumption. If the meta-atoms geometries vary slowly enough from one unit cell of a metasurface to the next, then the metasurface may be considered approximately periodic in the neighborhood of ?
T n E in T n+1 E in w n w n w n T n E in Figure 1 . Conventional technique for modeling metasurfaces. (a) An illustration of a metasurface composed of an aperiodic array of meta-atoms arranged on a periodic lattice. (b) In the conventional modeling technique, the transmitted field at each unit cell is assumed to be proportional to the incident field at the same unit cell. The local transmission coefficient for each meta-atom is obtained by assuming that the structure is locally periodic and is illuminated with a a plane wave. (c) The conventional modeling method is not accurate when the meta-atoms vary rapidly or in cases that the incident wave is not a plane wave.
each meta-atom. Thus, the interaction of an incident plane wave with the metasurface may be modeled by gradually varying transmission or reflection coefficients whose values at each unit cell depend only on the meta-atom inside that unit cell. The local complex-valued transmission coefficient corresponding to each meta-atom is then approximated by the transmission coefficient of a periodic array composed of the same meta-atom at normal incidence ( Fig. 1b ). Because the transmission coefficients of periodic arrays of meta-atoms can be computed quickly using Fourier modal techniques or by full-wave simulations of one of their unit cells, the computational cost of the conventional method is low. Thus the approach is suitable for analyzing large structures and has been extensively used in the design and modeling of metasurfaces [14] [15] [16] [17] .
The conventional approach suffers from several shortcomings and limitations. First, the level of approximation involved in assigning local transmission coefficients to individual unit cells (or meta-atoms) is unclear. As a result, it is unclear if the lattice constant of a metasurface can be considered as the resolution of wavefront shaping, and if it cannot, what is the actual wavefront shaping resolution when using a metasurface? In fact, this method is only valid for slowly varying structures and it is known to lead to inaccurate estimations of efficiencies when the meta-atom geometry changes rapidly from one cell to the next [14] . Second, the local transmission coefficients, which are assigned to individual meta-atoms, are obtained for the normal incidence and cannot be used to accurately model the metasurface response to arbitrary incident waves. When the incident wave is a known oblique incident plane wave, this issue can be alleviated by finding the transmission coefficients of the periodic arrays for the known incident angle instead of the normal incidence [18, 19] , but this workaround is not applicable for more general incident waves ( Fig. 1c ). Third, the conventional metasurface model reduces metasurfaces to simple phase masks (i.e., transparencies) that essentially offer the same features as phase masks implemented using other approaches (e.g., effective medium or kinoform). Compared to other implementations of phase masks, metasurfaces provide several advantages such as simpler fabrication, better performance when implementing rapidly varying phase profiles, and the possibility of controlling chromatic dispersion [20] [21] [22] and polarization [15, [23] [24] [25] . Nevertheless, the phase mask model misses a wide range of conceptually interesting and practically important features of metasurfaces that are due to the non-locality of the scattering phenomenon. The non-locality refers to the property that the excitation of a unit cell of the metasurface causes non-zero responses at other unit cells of the metasurface. As we will demonstrate here using an example, the waves transmitted through a metasurface are not local and the phase mask model, which is a local model, cannot be used to exploit the rich opportunities offered by the non-local response of metasurfaces in designing novel optical components. To address this issue, here we introduce the concept of discrete-space impulse response (DSIR) for metasurfaces and employ it to model non-locality in metasurfaces.
The DSIR is a novel technique for modeling linear metasurfaces that overcomes the shortcomings of the conventional approach and offers insights into the interaction of waves with metasurfaces. We introduce the DSIR concept and present a couple of examples of its application that also serve as a confirmation for the validity and accuracy of the DSIR technique. We also introduce two approximations that significantly reduce the computational cost of the DSIR technique while achieving better accuracy than the conventional approach.
DISCRETE-SPACE IMPULSE RESPONSE CONCEPT
In this section, we explain DSIR concept for modeling linear and non-diffractive metasurfaces with periodic lattices. For simplicity, we explain the concept using a 1D transmissive metasurface but the idea and approach are general and can be readily extended for modeling more general metasurfaces (i.e., 2D or reflective metasurfaces). Consider the 1D metasurface schematically shown in Fig. 2a . The metasurface is composed of an array of potentially different meta-atoms that are positioned at the lattice sites of a periodic lattice with the lattice constant of Λ. The metasurface is surrounded by materials with refractive indices of n 1 and n 2 at the bottom and on the top, respectively, which can represent the cladding and the substrate.
Assume that an incident wave with an arbitrary wavefront is propagating in the material with a n n n t(n,m) Figure 2 . DSIR concept. (a) Illustration of a metasurface illuminated with an incident wave with the field F in . Incident and outgoing waves on the input and output reference planes, which are at z in and z out , respectively, are sampled at the lattice sites of the metasurface. The sampled incident and outgoing fields can be considered as discrete signals f in (n) and f out (n). (b) A metasurface may be considered as a discrete linear system with an impulse response t(n, m) that maps f in (n) to f out (n). The impulse response is the systems output to a discrete delta input. (c) The procedure for obtaining the impulse response of a metasurface. The metasurface is excited with a reconstruction function W (x), which is shown as a sinc function, that is centered at the m th unit cell of the metasurface and t(n, m) is obtained by sampling the outgoing field at the n th metasurface unit cell. refractive index of n 1 and is incident on this metasurface from the bottom side. We choose a plane parallel to the plane of the metasurface at z = z in and refer to it as the input reference plane. The input reference plane can be chosen arbitrarily. According to the surface equivalence theorem [26] , the tangential components of either the electric field or the magnetic field of the incident wave on the input reference plane uniquely characterize the incident wave. Let F depict the transverse components (with respect to z) of either the electric or the magnetic field. For example, for the 1D metasurface shown in Fig. 2a , F may depict E y for transverse electric waves and H y for transverse magnetic waves. The spatial Fourier transform of the field of the incident wave (F in ) on the input reference plan is given by
If the incident wave is emitted by a source that is at least a few wavelengths away from the metasurface, which is a valid assumption in many practical cases, then the wave on the input reference plane is composed of only traveling waves and has no evanescent components. As a result, the transverse components of the electric (or magnetic) field of the incident wave on the input reference plane (i.e., F in ) are bandlimited in the spatial Fourier plane of k x . In other words,
is zero for |k x | > n 1 k 0 . The limited spatial bandwidth of the incident field is because it is a propagating wave and can be considered as a superposition of fields of propagating plane waves (no contributions from evanescent plane waves exist in its expansion). The maximum spatial bandwidth of F in (x) is n 1 k 0 ; therefore, it can be uniquely reconstructed from its samples if it is sampled at least at the Nyquist rate with a maximum sampling period of ∆x = 2π 2n 1 k 0 = λ 1 /2, where λ 1 is the wavelength of the incident wave in the substrate. Because the metasurface lattice is non-diffractive in the substrate Λ < λ 1 /2 we can use the lattice sites as the sampling locations.
Therefore, the incident wave on the input reference plane can be represented by its samples at the lattice sites of the metasurface.
Similar to the input reference plane, we can choose an output reference plane above the metasurface plane at z = z out (as schematically shown in Fig. 2a ). For example, the output reference plane can be selected slightly above the plane right on top of the meta-atoms. The field of the transmitted waves on the output reference plane F t (x) = F (x, z out ) might not be bandlimited to n 2 k 0 if the output reference plane is selected close to the meta-atoms where the evanescent waves
have not yet decayed significantly. However, the frequency components of F t (x) with |k x | > n 2 k 0 do not propagate away from the metasurface and do not contribute to the transmitted waves measured at any locations which are at least a few wavelengths away from the metasurface plane. As a result, we can sample F t (x) at a high enough sampling rate to avoid aliasing, and then filter it using an ideal low-pass filter which is equal to 1 for spatial frequencies of |k x | ≤ n 2 k 0 , and 0 otherwise. The result of this filtering procedure (which we refer to as the outgoing wave F out (x)) has the same propagating spatial components as F t (x), thus it leads to the same transmitted wave after propagating a few wavelengths away from the metasurface. Because F out (x) is bandlimited to n 2 k 0 it can be sampled with the period of Λ < λ 2 /2. Also, the knowledge of the tangential components of F on any plane above the metasurface is sufficient to determine the transmitted fields uniquely in the region above that plane. As a result, the samples of F out (x) obtained at the metasurface lattice sites will completely characterize the transmitted wave at any location that is at least a few wavelengths away from the metasurface plane.
The sampled input and output fields are schematically shown in Fig. 2a as discrete signals f in (n) = F in (nΛ) and f out (n) = F out (nΛ) (i.e., sequences of complex numbers, n: integer). As Fig. 2b shows, the metasurface transforms input discrete signals to output discrete signals. For linear metasurfaces (i.e., at low incident power levels where nonlinear effects are negligible), the transformation is linear and we can define its discrete-space impulse response (DSIR) t(n, m) as the output signal f out (n) corresponding to f in (n) = δ n−m , where δ i is the Kronecker delta function that is equal to 1 for i = 0 and zero otherwise. (Fig. 2b ).
According to the Nyquist sampling theorem, the continuous fields F in/out (x) can be exactly reconstructed from their sampled values (i.e., the discrete signals) by interpolating the discrete signals using a specific interpolation function W (x) that is the impulse response of a low-pass reconstruction filter. In the 1D case, the interpolation function W can be selected as a sinc function (W (x) = sinc(x/Λ) = sin(πx/Λ)/(πx/Λ)) and the fields can be written as [27] 
According to (2), the impulse response t(n, m) can be interpreted as the samples of the outgoing
is the field of a wave focused with a numerical aperture of (λ 1 /2)/Λ at the location of the m th meta-atom. This is schematically shown in Fig. 2c .
Also, for this selection, the incident wave amplitude for the impulse response (F in (x)) passes through zero at all lattice sites except for the m th one and decreases away from the m th lattice site.
As a result, the main contributions to t(n, m) are expected to be from the m th meta-atom and its close neighbors. For local metasurfaces, we expect impulse responses similar to the one shown in Fig. 2c where |t(n, m)| decreases with increasing |n − m|. The discrete-space impulse response t(n, m) completely characterizes the metasurface response. The samples of the outgoing wave for any arbitrary incident wave with a field F in (x) can be obtained according to
where f in (n) = F in (nΛ), and F out (x) can be reconstructed from f out (n) according to (2) . Equation
(3) can be written in a matrix form as
where f in and f out are vectors whose n th elements are equal to f in (n) and f out (n), respectively, and t is a matrix with elements t nm = t(n, m). The assumption of locality used in the conventional metasurface analysis and design is equivalent to assuming that t is diagonal. As we will show through an example in the next section, the off-diagonal elements of t are nonzero for typical metasurfaces. For metasurfaces with small coupling between meta-atoms, the amplitudes of the off-diagonal elements should decrease as their distances to the diagonal increase.
The metasurface matrix t can be expressed in any basis, but the basis used in the DSIR approach (i.e., W (x − mΛ)) leads to a compact and intuitive representation of wave transformations offered by local metasurfaces. For example, the fields on the input and output reference planes (F in and F out ) may be expanded in terms of a continuous basis of plane waves propagating along different directions. However, the matrix t of a typical aperiodic metasurface (e.g., a metalens) in the plane wave basis is not sparse because the metasurface transforms an incident plane wave into a continuous superposition of outgoing plane waves. This approach can be applied to any linear metasurface, irrespective of the physics governing the interactions of light with the metasurface.
Hence, as long as the simulations employed for finding DSIR responses properly model the light interactions with meta-atoms, the method is valid. Also, no approximation is involved in the derivation of (3) and transmitted waves reconstructed from f out are accurate in regions that are at least a few wavelengths away from the metasurface where the evanescent waves have significantly decayed. In practice, the impulse responses should be truncated which introduces an error that can be adjusted by selecting the truncation range.
COMPUTATION AND APPLICATIONS OF DSIR
In this section, we describe the computation procedure of DSIR using a couple of examples and illustrate its applications in determining the response of metasurfaces to arbitrary incident waves. For these demonstrations, we use the simple 1D transmissive metasurface platform shown in Fig. 3a . The metasurface operates at λ = 1 µm and is composed of 0.8-µm-tall rectangular silicon bars with a refractive index of 3.46 that are arranged on a periodic lattice with a lattice constant of Λ = 0.5 µm. The substrate and top cladding are assumed to be air. The transmission of periodic metasurfaces implemented using this platform for a normally-incident TM-polarized plane wave (with magnetic field along the y direction) is also shown in Fig. 3a and is used for designing different components discussed in this and the next sections.
DSIR of non-diffractive periodic metasurfaces
Consider the periodic metasurface shown in Fig. 3b where all the meta-atoms have equal width of w = 150 nm and the input and output reference planes are selected at the bottom and top of the meta-atoms, respectively. Because of the periodicity, the DSIR of such a periodic metasurface t(n, m) is only a function of the difference between n and m, thus it suffices to find t(n) = t(n, 0) and DSIR can be computed using a single simulation. As we discussed in the previous section, the DSIR is determined by finding samples of the outgoing field for the incident field
. Therefore, to obtain t(n) for the periodic metasurface shown in Fig. 3b , the metasurface was illuminated by a TM-polarized wave propagating along the +z direction whose magnetic field at the input reference plane is given by H = sinc( x Λ )ŷ. The incident wave was generated by an electric surface current density J s = −2sinc( x Λ )x placed on the input reference plane.
The response of the metasurface to F in was found using a finite element method simulation using a commercial software and a snapshot of the magnetic field is shown in Fig. 3b . The transmitted fields on the output reference plane have significant evanescent components because the plane is chosen close to the meta-atoms. To reduce numerical errors and the required sampling frequency, the transmitted field was sampled at a plane 0.5 µm above the output reference plane, low-pass filtered to remove any remaining evanescent components, backpropagated to the z = z out plane, and was sampled at x = nΛ. For forward and backward propagation through homogenous materials, we used the plane wave expansion technique [28] . The modulus and phase of DSIR of the periodic metasurface (Fig. 3b ) were obtained using this procedure and are shown in Fig. 3c .
The DSIR data shown in Fig. 3c completely characterizes the periodic metasurface and the outgoing waves for any arbitrary incident waves can be obtained from (3) which reduces to a discrete convolution operation for non-diffractive periodic metasurfaces. The DSIR shown in Fig. 3c is localized around x = 0, but has a finite width and is not a discrete delta function. Therefore, while the interaction of the metasurface with an incident wave can be considered relatively local, the interaction length is a few unit cells and the conventional technique, which assumes interactions are limited to a single unit cell, does not accurately model wave interactions with metasurfaces.
The DSIR of a non-diffractive periodic metasurface can also be obtained from its transmission coefficients for plane waves incident on the metasurface at different angles. As it is shown in Supplementary Note 1, the complex-valued transmission coefficient of the metasurface T (θ) for a plane wave incident at an angle θ is equal to t(2πsin(θ)Λ/λ 1 ) where t(ω) is the Fourier transform of t(n). In other words, the DSIR of a non-diffractive periodic metasurface is the inverse Fourier transform of the angular spectrum of its transmission coefficient. We verified this relation for the metasurface shown in Fig. 3b by finding its transmission coefficient for plane waves incident at different angles, taking its Fourier transform, and comparing the result with the DSIR shown in For example, the transmission coefficient of an ideal local metasurface, whose DSIR is a discrete delta function, should be independent of the incident angle, or a resonant feature in the angular spectrum of a metasurface indicates a slow decay of its DSIR. Third, it clarifies the relation of the DSIR and the approximation used in the conventional technique. The normal-incidence transmission coefficient that is used in the conventional method is equal to t(0), which via the Fourier transform relation, is equal to the sum of all DSIR elements T (0) = n t(n). Fourth, as we have shown using the Fourier transform relation in Supplementary Note 2, the Euclidean norm of the DSIR is bounded by 1 (i.e., n |t(n)| 2 ≤ 1), hence the DSIR has a finite width.
Analysis of metasurface beam deflectors using the DSIR technique
To demonstrate the accuracy of the DSIR technique and to illustrate its application in full characterization of a more general metasurface, we consider a wave interaction with a metasurface beam deflector. Consider the beam deflector schematically shown in Fig. 4a that is designed using the metasurface design presented in Fig. 3a . The metasurface deflects normally incident TMpolarized plane waves by 30 • and is composed of four different meta-atoms with widths of 50 nm, 126 nm, 147 nm, and 177 nm, corresponding to relative phase shifts of 0, π/2, π, and 3π/2, respectively. Because the beam deflector is periodic with a period of 4Λ, its DSIR (i.e., t(n, m)) can be computed using four simulations with incident fields centered at four different unit cells (F in = sinc(x/Λ − m) for m = 0, 1, 2, 3). A larger number of simulations are required for determining the DSIR of general aperiodic metasurfaces, and we discuss techniques for reducing the DSIR computational cost in the next section; however, the four meta-atom beam deflector serves as a proof-of-concept example for demonstrating the DSIR technique. We chose the input reference plane at the bottom of the meta-atoms at z in = −0.8 µm and the output reference plane at z out = 0 which is the top surface of the meta-atoms. The DSIR was computed by finite element simulations using a procedure similar to the one detailed in the previous section, and the results are presented in Fig. 4b . As this figure demonstrates, although the responses are mostly localized around the excited meta-atoms, they have significant values at other adjacent unit cells of the metasurface. Such non-local effects were ignored in the conventional method and caused inaccurate results.
By shifting the computed DSIRs to the location of similar meta-atoms of the beam deflector, we can form the matrix t and find the outgoing waves for any arbitrary incident waves. As an example, we assumed the beam deflector is illuminated by a normally-incident TM-polarized Gaussian beam with a beam diameter of 4 µm whose waist is at the z in plane (Fig. 4c ). Figure 4d shows the outgoing magnetic field (i.e., the propagating component of the transmitted field) at the output reference plane obtained using the DSIR technique (Eq. (4)) and a full-wave simulation with the Gaussian incident beam. The two results shown in Fig. 4d are in good agreement, thus confirming the accuracy of the DSIR technique. Figure 4e shows snapshots of the magnetic field in the region above the meta-atoms computed using a full-wave simulation and by propagating the DSIR field on the output reference plane using the plane wave expansion method. The difference between the two fields is also shown in Fig. 4e , and represents the evanescent fields that are large only close to the metasurface.
The DSIR technique accurately predicts metasurface response to any arbitrary incident field with no approximations involved. This technique finds the actual response of each different metaatom in a metasurface and provides a matrix that completely characterizes the whole structure.
However, for more general metasurfaces where all meta-atoms are different, the computation of DSIR involves a large number of simulations. To reduce the complexity of the computations, we introduce two approximation methods to this technique. For metasurfaces with slowly varying meta-atoms, we can approximate each meta-atom to be located in a periodic structure with the same periodicity (local periodicity approximation (LPA)). Also, as the amplitude of the DSIR excitation (i.e., the sinc function) drops away from the excitations center, the DSIR is expected to be localized and only depend on the meta-atom at the excitation center and a few of its neighbors.
The localized feature of the DSIR allows for its estimation from the knowledge of the meta-atoms in a neighborhood of the excitation center and introduces a pathway for improving the accuracy of the conventional technique. In the following section, we discuss two methods for the estimation of DSIR using a limited number of meta-atoms that reduce its computational cost significantly.
APPROXIMATE TECHNIQUES FOR COMPUTING DSIR

Local periodicity approximation of slowly varying metasurfaces
Meta-atom geometries vary slowly in metasurfaces such as beam deflectors with small deflection angles and low numerical aperture metalenses. In such metasurfaces, meta-atoms are approximately the same in the DSIR excitation region, thus the metasurface can be locally approximated by a periodic metasurface. Using this approximation, DSIRs are assigned to meta-atoms instead of unit cells, thus reducing the number of simulations required for a general metasurface to the number of distinct meta-atoms. The conventional technique also uses the local periodicity approximation; however, in contrast to a single transmission coefficient that is used in the conventional approach, the DSIR contains incident-angle-dependent information of the meta-atom and leads to more accurate results for incident waves with arbitrary wavefronts. As discussed in the previous section, the DSIR of non-diffractive periodic structures can be obtained from the angular spectrum of their transmission coefficients which by itself can be computed at a low computational cost using a Fourier modal method [29] .
To evaluate the performance of this approximation, we designed a number of low numerical aperture metalenses that focus light incident at different angles to a point 400 µm away from their surfaces. Figure 5a shows one of the metalenses designed for normal incidence that is illuminated by a normally incident TM-polarized Gaussian beam with a waist diameter of 32 µm. The intensity distributions of light transmitted through this metalens were obtained using the conventional technique, the DSIR technique with the local periodicity approximation, and a full-wave simulation are presented in Fig. 5b . As Fig. 5b shows, all three approaches predict similar focal point intensities. Figure 5c displays another metalens that is designed for an incident angle of 40 • and is illuminated with a similar Gaussian beam incident at 40 • . Figure 5d shows the intensity distributions of the transmitted light of this metalens computed using different approaches. As the results presented in Fig. 5d show, the DSIR with local periodicity approximation provides a more accurate estimation of the focused lights intensity than the conventional approach.
Similar metalenses with incident angles of 10 • , 20 • , and 30 • were also designed and simulated and their focusing efficiencies computed using the three different approaches are shown in Fig. 5e .
The focusing efficiency represents the fraction of transmitted light that is focused to a 10-µmwide area around the focal point when the metalens is illuminated by a Gaussian beam with a (c) Schematic of an off-axis metalens with a focal length of 400 µm that is designed to focus light incident at 40 • . The metalens is illuminated with a Gaussian beam with a waist diameter of 32 µm that is incident at 40 • . (d) Intensity distributions of the light transmitted through the metalens shown in c computed using the conventional technique, DSIR with local periodicity approximation, and a full-wave simulation. (e) Estimated focusing efficiencies of five different metalenses designed for different incident angles (0 • to 40 • , 10 • steps) obtained using the conventional and DSIR with local periodicity approximations. Accurate focusing efficiency values computed using full-wave simulations are also shown. The metalenses are similar to the ones shown in (a) and (c) and are illuminated by a Gaussian beam with a waist diameter of 32 µm that is incident at the metalens's design angle.
waist diameter of 32 µm that is incident at the metalens design angle. As the results shown in Fig. 5e indicate, the local periodicity approximation of DSIR leads to more accurate estimations of the focusing efficiency of metalenses than the conventional modeling approach. The result is expected because the DSIR with local periodicity approximation reduces to the conventional technique by further approximating the DSIR by a discrete delta function equal to the sum of its elements.
Locality approximation of DSIR
The periodic approximation provides an accurate result for slowly varying metasurfaces, but its accuracy is reduced for metasurfaces with rapid variations. Direct calculation of the DSIR by exciting a metasurface with sinc functions centered at different unit cells can be used but this approach involves a large number of simulations of the entire metasurface. The excitation amplitude (i.e., the sinc function) is only significant over a finite number of unit cells close the excitation center, thus we can expect that the meta-atoms faraway from the excitation center to have a negligible effect on the metasurface response and its DSIR. By ignoring the effect of faraway meta-atoms, which we refer to as the locality approximation, we can find an approximate DSIR of a metasurface. As it is shown schematically in Fig. 6a , only a finite number of meta-atoms (N ) close to the excitation center are considered (i.e., windowing the metasurface structure).
Windowing reduces the computational cost of each simulation and the number of simulations required for computing the DSIR matrix. An illustration of a simulation for computing DSIR with N = 7 is shown in Fig. 6b . The small size of the simulation domain significantly reduces the simulations computational cost. Furthermore, most metasurfaces are composed of a limited number of different meta-atoms, hence a lookup table for the DSIR can be constructed allowing for the computation of the response of any metasurface to any arbitrary incident waves using a single matrix multiplication (i.e., using Eq. (4)).
To study the performance of the locality approximation, we considered the beam deflector shown in Fig. 4 . The DSIR for this beam deflector obtained using the locality approximation with N = 7 is shown in Fig. 6c , which is comparable with the exact results shown in Fig. 4b .
The beam deflectors response to a normally incident Gaussian beam was computed using the approximate DSIR shown in Fig. 6c , and the result is shown in Fig. 6d along with the results obtained using the conventional approach and a full-wave simulation. As the intensity distributions in Fig. 6d show, the DSIR with locality approximation is more accurate than the conventional approach. To study the effect of changing the number of meta-atoms in each window and quantify the locality approximation's accuracy, we compared the estimated magnetic field of the outgoing field on a plane 0.5µm above the meta-atoms with the full-wave result. We defined the error as the square of the ratio of the norm of the difference between the estimate and the full-wave fields to the norm of the full-wave field. Figure 6e shows the error of the locality approximation of DSIR as a function of the number of the meta-atoms in each window (N ) for the beam deflector. As expected, by increasing N the error of the approximation decreases and the results converge to the full-wave simulation results (Fig. 6e ). For comparison, the conventional approachs error for this structure is~30%. As the results shown in Fig. 6e display, considering the effect of the nearest neighbors (i.e., N = 3) reduces the error to less than 12%.
DEVELOPMENT OF THE DSIR CONCEPT FOR 2D AND DIFFRACTIVE METASURFACES
Although we described the concept of DSIR using 1D metasurfaces, the DSIR concept can be readily extended to 2D metasurfaces. To this end, two components of the transverse fields (e.g., E x and E y ) should be considered, especially when the metasurface modifies the polarization, and the 2D interpolation function W (x, y) will be the impulse response of a 2D low-pass reconstruction filter. For example, for metasurfaces with rectangular lattice, this function can be selected as a 2D sinc function as W (x, y) = sinc(x/Λ x )sinc(y/Λ y ), which is the impulse response of an ideal 2D low-pass filter that is equal to 1 for spatial frequencies of |k x,y | ≤ n 2 k 0 , and 0 otherwise. Hence, the DSIR of a 2D metasurface can be similarly obtained by exciting the 2D metasurface using excitation in the form of W (x, y) and sampling the fields at the lattice sites on the output reference plane. Note that the DSIR for 2D metasurfaces is a matrix and the metasurface is described by a 3D DSIR array (instead of the DSIR matrix for 1D metasurfaces).
This approach can also be extended to diffractive metasurfaces which have a lattice with a period Λ > λ/2. For such metasurfaces, the fields are sampled at multiple points per unit cell and the sampling rate can be chosen such that the fields are sampled at an integer number of points per unit cell.
Furthermore, this approach can be used to model metasurfaces in simulation and design tools based on ray optics. Rays can be considered as beams (e.g., Gaussian beams) in the physical optics picture. Using the DSIR approach, we can find the response of a metasurface to beams and determine the outgoing wave that can be expanded in terms of outgoing beams. This leads to a ray optics model for the metasurface where a ray incident at any point of the metasurface is split into multiple rays (i.e., a non-sequential model similar to the one used to model multi-order gratings).
Hence, this approach provides models for metasurfaces that can be incorporated into the ray and physical optics simulation and design tools.
CONCLUSION
Analysis and design of metasurfaces require accurate methods for modeling their interactions with optical and electromagnetic waves. The DSIR concept provides a rigorous foundation for the development of simplified models of linear metasurfaces. The DSIR matrix completely and accurately characterizes a metasurface and can be used as a black-box system-level model for incorporating metasurface into ray and physical optics simulation and design tools. Although we described the concept using 1D non-diffractive metasurfaces, the DSIR concept can be readily extended to linear 2D and diffractive metasurfaces. The two approximations we introduced significantly reduce the computational cost of DSIR enabling the design of efficient and novel metasurface based components and systems.
METHODS
The transmission coefficients of periodic structures for the conventional approach (results presented in Fig. 3a) were found using the RCWA technique [30] . The transmission coefficients of periodic structures composed of the same meta-atoms were found for normally incident TM plane waves. The convergence of the results was studied by increasing the number of harmonics.
To obtain the response of aperiodic structures using the conventional approach (results shown in Figs. 5b, 5d, and 6d ) the transmission coefficients of the meta-atoms shown in Fig. 3a were used as approximations for the local transmission coefficient of the structure. The field of the incident light on the input reference plane was sampled at the lattice points and the transmitted field samples on the output reference plane (at z = 0) were found by multiplying the sampled field values and the local transmission coefficient at each lattice site. The fields for z > 0 (i.e., in the region above the metasurfaces) were obtained using the plane wave expansion technique [28] and the sampled field values on the z = 0 plane.
The full-wave simulation results presented in Figs. 3b, 4e, 5b, 5d and 6d were obtained using the COMSOL Multiphysics software. The metasurfaces were excited by a surface electric current density placed on the input reference plane and were surrounded by a PML layer with a thickness of 3.5 µm.
To obtain the DSIR results of the beam deflector shown in Fig. 4 , a metasurface with a width of 40 µm (80 meta-atoms) was considered. Four full-wave simulations with four different surface current densities J s = −2sinc( x−mΛ Λ )x, m = 0, 1, 2, 3 were used to excite the metasurface. The resulting output magnetic fields were sampled every 10 nm on a plane 0.5 µm above the metasurface. To remove the evanescent components, the sampled field values were filtered using an ideal low-pass filter with a cutoff frequency of k 0 , resampled at 0.5 µm (i.e., at lattice sites), and back-propagated to the output reference plane (on top of the meta-atoms). The responses of other meta-atoms were found by shifting these four responses to their locations. The shifted responses were used to form the DSIR matrix for the beam deflector.
The DSIR response of the beam deflector to a TM normally incident Gaussian beam ( Fig. 4d) was found by the matrix multiplication of the DSIR matrix and the vector of sampled field values of the incident Gaussian beam on the input reference plane. The plane wave expansion technique [28] was used to obtain the DSIR result shown in Fig. 4e from the sampled field values shown in Fig. 4d . A similar approach was used to obtain the locality approximation results of the beam deflector ( Figs. 6c and 6d ). The only difference is the number of meta-atoms considered in each simulation (3 to 21 meta-atoms for the results shown in Figs. 6c and 6d versus 80 meta-atoms in Figs. 4d and 4e ).
The approximate DSIR matrix of the meta-atoms in the local periodicity approximation ( Fig. 5b ) was obtained using RCWA simulations followed by Fourier transforms. For every meta-atom with different width, a periodic structure with the same meta-atoms was considered and its transmission coefficient for TM plane-waves with incident angles ranging from -90 • to 90 • was found. The DSIR of the meta-atom was then computed using the Fourier transform relation between the DSIR and the angular transmission spectrum presented in the Supplementary Note 1.
The DSIR matrix of the structure was generated using the DSIR responses of all the meta-atoms of different width. The responses of the metalenses to normal and oblique incident TM Gaussian beams presented in Figs. 5b, 5d and 5e were found by multiplying their DSIR matrices and the sampled input field on the input reference plane.
SUPPLEMENTARY NOTE 1: RELATION BETWEEN DSIR AND ANGULAR TRANSMIS-
SION SPECTRUM OF NON-DIFFRACTIVE PERIODIC METASURFACES
Here we show that there is a Fourier transform relation between the DSIR of a non-diffractive periodic metasurface and its transmission angular spectrum. The Fourier transform of a discrete signal t(n) is defined as [1] 
and the inverse transform is given by t(n) = 1 2π π −π t(ω)e −jωn dω.
To find the DSIR, the metasurface is excited by an incident wave whose field on the input reference plane is given by F in (x) = sinc(x/Λ). The incident wave can be expressed as a sum of plane waves. To find the outgoing wave we find the response of the metasurface to these plane waves and superimpose them to form the outgoing wave. Using the Fourier transform of a sinc function, we can write
which is a continuous sum over plane waves e −jkxx that are incident at angle θ where sin(θ) = kx n 1 k 0 . Let T (θ) represents the complex-valued transmission coefficient of the metasurface for a plane wave incident at angle θ (i.e., the ratio of the tangential component of the transmitted field on output reference plane to that of the incident one on the input reference plane). The outgoing field can be written as a sum of plane waves whose amplitudes are modified by the transmission coefficient F out (x) = Λ 2π
The DSIR is obtained by sampling the outgoing wave t(n) = F out (nΛ) = Λ 2π π/Λ −π/Λ T (θ)e −jkxnΛ dk x = 1 2π π −π T (θ)e −jωn dω
where we have defined ω = k x Λ. Comparing (5) and the inverse Fourier transform relation (2), we obtain | t(ω)| 2 dω
According to (6) t(ω) = T (θ), and for passive metasurfaces the transmission coefficient modulus is smaller than unity, thus 
